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Given a collection of n points in R? _—_some of which may be , 10 ; IT' I TI\%IE: Tyler’s M-estimator Require: The (€, X¢)-corrupted sample set X' = {x3.....x,}, tr(X¢), | Z¢]|. Require: Failure probability §, corruption rate €, projected sample set X =
Corrupted by adversarial contamination, and all of which f;:;lo I/ ,"I _,:_ - FMS: Fast Median Subspace 1: B+ 2 and Mipresh < O (\/ * ||}:£|| + \/tr(}:g))- {VTxl, e VTx”}, basis matrix V' € O(d, r) produced by First Stage.
are perturbed by small noise—how can we efficiently and el -e- e | GGD: Geodesic Gradient Descent R e 1: B+ C'-max {#,log (3log (1))} for sufficiently large constant C' > 0.
rovablv identifv a subspace S* of dimension di (3* — < d = / i RF: Randomlze.d-Flnd 3:  Randomly select B samples from X and form a matrix Xg € R9*B. . \B )
P y y. P . ) 7_ d Em / ] / ANSAC ngzg_‘_ClSSSIZFANE}?C 4:  Compute the basis V € R*B for col(Xg). 2: T < (1_1,1{.{) log (5)
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that nearly contains most of the uncorrupted samples: : j J [ s | e fogr Letall) 5. MedRes(V) < median ( { v — VT x H x € X\ «%’5}) 3: while j < T do . o
c 10°° I==::: 'II:::=*===== E====fg————" - ——— PY . r =
: 5 o $7 ~ 4 6. if MedRes(V) < e, then o Hyperolane 1 4:  Randomly select B samples from X and form a matrix X X; E.R
X Permeating inliers oY | ‘;EHTH i — ! . break ° Original point » 5. Compute the singular values of X; as & {” > cfé} > > “}:f'}.
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S 9. B+ 2B el 7: Compute &; := minjg[ &U} for i € [F].
ol %Qi The setting of the toy example: 100 end if R _Pv(xf"' N 8: Find the smallest index ¥ € [f] such that 67,; < C'||X¢| for C" > 0.
| “@hﬂ » The ambient dimension d = 100. 11: end while 9: Find k = argmin;; - ‘TP}
1 | %\HQ » The sample size n = 500, the clean samples are dl;avl];l from a Gaussian 12: Set # = B, and subspace V = col(Xg). 10: Compute the top-F left singular vectors of j“(k c R7*B 35 ak c RIxF
- | .. distribution N(0,X*), where the covariance rank(x") = 10. 13- return V € O(d.#) and V SN ~ _ 5 ~
\@}“@ » An adversary randomly replaces e-fraction of the clean samples with samples ‘ (d.7) ' — 11: return VU € O(d,7) and S = col (VU"" ) ‘
B independentlydrawn from 10, £, where rank(E**1) 2, and he Therem1
- i eigenvectors corresponding to nonzero eigenvalues of "’ are orthogonal to those of ¥*. _
> All nonzero eigenvalues of ¥*are set to 1, and all nonzero eigenvalues of youtlier Given an (e, X¢)-corrupted sample set with a sample size n = Q(r* log(r*)) S hat th it £ Th . fiod and First S
Adversarial and Noisy Contamination Model are all set to 10. and Gaussian noise covariance satisfying || X¢|| = O (vmin) (here vy, is the uppose that the conditions of | heorem L are satisiied and I"irst Stage
| o | | » Only adversarial corruption but no Gaussian noise in this example. smallest eigenvalue of £*), First Stage Algorithm runs in O(ndr* log(r*)) Algorithm succeeds. Given X = {VTX;L, e VTX,,} C R", Second Stage
Gwen_ a clean distribution P, a corruption parameter ¢, and a noise Figure 4: The search dimension r for time, and with an overwhelming probability, generates a subspace V' with Algorithm runs in (’)(r""?’er*) time and, with probability 1 — 5, generates a
covariance X¢, (€, X¢)-corrupted samples are generated as follows: RANSAC is overestimated by one, while ~ Figure 5: An additional Gaussian noise dimension * = O(r*) such that, for each x ~ P: subspace S with dimension r* that satisfies
(i) Draw n samples independently from P. RANSAC+ operates without any prior with mean zero and variance o2 /d is
. .. : Inf ti fr-. added to all the samples.
(i) The adversary adds i.i.d. noise to each sample, drawn from a I P 11y — Py)x|| < © r* | Zel] [tr(Xe) x| HP’“‘_ D re||Xel| o tr(Xe)
zero-mean Gaussian distribution with covariance . o | el ransace ' o R— mmmmeTT T ) @ Tvalh= Vs ' S ST |V
(iii) An arbitrarily powerful adversary inspects the samples, removes P — o _ _ N . .
en| of them, and replaces them with arbitrary points. | e e In the noiseless setting (¢ = 0), we have V O §* with high probability. ) In the noiseless setting (Z¢ = 0), we have S = S* with high probability.
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